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𝑓(𝑧) = 𝑤. 

𝑆  the  𝑓

z = x + iy     and   w = u +

iv f(z) = u(x, y) + iv(x, y)







𝑓 (𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦) 

And that 𝒇 ′ ( 𝑧 ) exists at a point 𝑧0 = 𝑥0 + 𝑖𝑦0. 

𝒖 𝑎𝑛𝑑 𝑣

exist 

(𝑥0, 𝑦0)

 

(1) . . . . . . . . . . . 𝑢𝑥 = 𝑣𝑦 , 𝑎𝑛𝑑 𝑣𝑥 = −𝑢𝑦 

There. Also, 𝑓 ′( 𝑧0) can be written 

 𝑓′(𝑧0) = 𝑢𝑥 + 𝑖𝑣𝑥 

Where these partial derivatives are to be 

evaluated at (𝑥0, 𝑦0) 

Proof; We start by writing 𝑧0 = 𝑥0 + 𝑖𝑦0, 

∆𝑧 = ∆𝑥 + 𝑖∆𝑦, and 

∆𝑤 = 𝑓(𝑧0 + ∆𝑧) − 𝑓(𝑧0) 

∆𝑤 = 𝑢(𝑥0 + ∆𝑥, 𝑦0 + ∆𝑦) − 𝑢(𝑥0, 𝑦0)

+ 𝑖[𝑣(𝑥0 + ∆𝑥, 𝑦0 + ∆𝑦)

− 𝑣(𝑥0, 𝑦0)] 

Assuming that the derivative 

 (2). . . . . . . . . . . . . . 𝑓′(𝑧0) = lim
∆𝑧→0

∆𝑊

∆𝑧
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(3). . . . . . 𝑓′(𝑧0) = lim
(∆𝑥,∆𝑦)→(0,0)

𝑅𝑒[
∆𝑊

∆𝑧
]

+ 𝑖 lim
(∆𝑥,∆𝑦)→(0,0)

𝐼𝑚[
∆𝑊

∆𝑧
] 



(∆𝑥, ∆𝑦)(0, 0)

(∆𝑥, ∆𝑦)

(0, 0)(∆𝑥, 0)



 

Inasmuch as ∆𝑦 = 0, the quotient 
∆𝑊

∆𝑧
 becomes 

∆𝑊

∆𝑧
=

𝑢(𝑥0 + ∆𝑥, 𝑦0) − 𝑢(𝑥0, 𝑦0) 

∆𝑥

+ 𝑖
𝑣(𝑥0 + ∆𝑥, 𝑦0) − 𝑣(𝑥0, 𝑦0)

∆𝑥
 

Thus, 

lim
(∆𝑥,∆𝑦)→(0,0)

𝑅𝑒[
∆𝑊

∆𝑧
]

= lim
∆𝑥→0

𝑢(𝑥0 + ∆𝑥, 𝑦0) − 𝑢(𝑥0, 𝑦0) 

∆𝑥

= 𝑢𝑥(𝑥0, 𝑦0),   

lim
(∆𝑥,∆𝑦)→(0,0)

𝐼𝑚[
∆𝑊

∆𝑧
]

= lim
∆𝑥→0

𝑣(𝑥0 + ∆𝑥, 𝑦0) − 𝑣(𝑥0, 𝑦0) 

∆𝑥

= 𝑣𝑥(𝑥0, 𝑦0),   

𝑢𝑥(𝑥0, 𝑦0)𝑢𝑥(𝑥0, 𝑦0)

𝑥

(𝑥0, 𝑦0)



(4). . . . . . . . . 𝑓′(𝑧0) = 𝑢𝑥(𝑥0, 𝑦0) + 𝑖𝑣𝑥(𝑥0, 𝑦0) 

 

∆𝑧

(0, ∆𝑦).∆𝑥 =

 0
∆𝑊

∆𝑧


∆𝑊

∆𝑧
=

𝑢(𝑥0, 𝑦0 + ∆𝑦) − 𝑢(𝑥0, 𝑦0) 

𝑖∆𝑦

+ 𝑖
𝑣(𝑥0, 𝑦0 + ∆𝑦) − 𝑣(𝑥0, 𝑦0)

𝑖∆𝑦
 

∆𝑊

∆𝑧
=

𝑣(𝑥0, 𝑦0 + ∆𝑦) − 𝑣(𝑥0, 𝑦0) 

∆𝑦

− 𝑖
𝑢(𝑥0, 𝑦0 + ∆𝑦) − 𝑢(𝑥0, 𝑦0)

∆𝑦
 

 

Thus, 

lim
(∆𝑥,∆𝑦)→(0,0)

𝑅𝑒[
∆𝑊

∆𝑧
]

= − lim
∆𝑦→0

𝑢(𝑥0, 𝑦0 + ∆𝑦) − 𝑢(𝑥0, 𝑦0) 

∆𝑦

= −𝑢𝑦(𝑥0, 𝑦0),

lim
(∆𝑥,∆𝑦)→(0,0)

𝐼𝑚[
∆𝑊

∆𝑧
]

= lim
∆𝑦→0

𝑣(𝑥0, 𝑦0 + ∆𝑦) − 𝑣(𝑥0, 𝑦0) 

∆𝑥

= 𝑣𝑦(𝑥0, 𝑦0),   

Hence it follows from expression (3) that 

(5). . . . . . . . . 𝑓′(𝑧0) = 𝑣𝑦(𝑥0, 𝑦0) − 𝑖𝑢𝑦(𝑥0, 𝑦0) 

𝑢𝑦(𝑥0, 𝑦0)𝑢𝑦(𝑥0, 𝑦0)

𝑦
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(𝑥0, 𝑦0)



𝑓′(𝑧0) = −𝑖[𝑢𝑦(𝑥0, 𝑦0) + 𝑖𝑣𝑦(𝑥0, 𝑦0)] 

𝑓′(𝑧0)



𝑢 𝑎𝑛𝑑 𝑣

𝑓′(𝑧0)



𝑓′(𝑧0)



(6). . . . 𝑢𝑥(𝑥0, 𝑦0) = 𝑣𝑦(𝑥0, 𝑦0) , 𝑎𝑛𝑑 𝑣𝑥(𝑥0, 𝑦0)

= −𝑢𝑦(𝑥0, 𝑦0) 















Fxx(x, y) + F𝑦𝑦(x, y) = 0

F(x, y) =

𝑒−y sin x









u(x, y) = y3 −

3x2yis harmonic and find its harmonic 

conjugatev(x, y).

 ux = −6xy , uxx = −6𝑦     and  uy =

3(y2 − x2), uyy = 6𝑦  , then uxx + u𝑦𝑦 =

0 u(x, y)



ux = vy  ,    uy =

−vxvy(x, y) =

−6xy and then integrating with 



v(x, y) = −3xy2 +

h(x)vx =

−3y2 + h′(x)uy = −vx

3(y2 − x2) = 3y2 − h′(x)or      h′(x) =  3x2

⟹ h(x) = x3 + 𝑐

v(x, y) = −3xy2 + x3 +

𝑐u(x, y)





f(z) = (y3 − 3x2y) + i(−3xy2 + x3 + 𝑐)
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 yxy 23 3

 

 ),( yxu  ),( yxv 

(1) … … … … …  𝑢(𝑥, 𝑦) = 𝑦3 − 3𝑥2𝑦 



𝑥𝑦𝑣(𝑥, 𝑦)

𝑢(𝑥 , 𝑦)



(2) … … … … 𝑢𝑥  =  𝑣𝑦 and 𝑢𝑦  =   −𝑣𝑥 



𝑢𝑥  =  𝑣𝑦 = −6𝑥𝑦

𝑥

𝑦

(3) … … …  𝑣(𝑥, 𝑦) = −3𝑥𝑦2 + 𝜑(𝑥) 

 𝜑(𝑥)𝑥



3𝑦2 − 3𝑥2 = 3𝑦2 − 𝜑(𝑥) 

or 𝜑(𝑥) = 3𝑥2. Thus 𝜑(𝑥) = 𝑥3 + 𝑐, where 𝑐 is 

an arbitrary real number. According to equation 

(7),  

(4) … … … … … … … … … … … … 𝑣(𝑥, 𝑦)

= −3𝑥𝑦2 + 𝑥3 + 𝑐 

𝑢 (𝑥 , 𝑦)



(4) … 𝑓(𝑧) =  𝑦3 − 3𝑥2𝑦 + 𝑖[−3𝑥𝑦2 + 𝑥3 + 𝑐] 

𝑓 (𝑧)  =  𝑖 (𝑧3  +

 𝑐)

𝑦 =

0𝑓 (𝑥)  =  𝑖 (𝑥3  +  𝑐)

Thus  yxy 23 3

 cxyx  23 3  
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